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4.1

4 6
2 4

2 6
0 4

1 35
2 4 6 ::1-‘ g ;
0 2 4

BERBRHBHS

# 4.1 #

RUHHARRHHH

’—3” ‘+5w w:44—26—3(24—0%D+5%22—04):O

A = matrix(c(1,3,5,2,4,6,0,2,4) ,ncol = 3, byrow= "T"); det(A)

## [1] O
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# 4.2 #

BEBBBRRRS

A = matrix(c(2,0,1,2,0,2,-1,0,1,1,0,1,2,1,2,-2,0,2,-1,2,2,0,0,1,1) ,ncol = 5); det(A)

## [1] 6
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Ey = span([1,2]T). Za A = —3: B ﬂ El} = [g} & x1 = —2x45 $to daje jednodimenzionalni prostor
2
E_3 = span([-2,1]T).
HAHAHHHRH
# 4.3 #
HAHRHRHRH

N o

#
A = matrix(c(-2,2,2,1),ncol = 2, byrow = "T"); A
## [,11 [,2]
## [1,] -2 2
## [2,] 2 1

eigen(A)->ea; ea

## eigen() decomposition

## $values

## [11 2 -3

##

## $vectors

## [,1] [,2]
## [1,] -0.4472136 -0.8944272
## [2,] -0.8944272 0.4472136

round (ea$vectors %x*% diag(-c(sqrt(5),-sqrt(5))),digits=8)

#it [,11 [,2]
## [1,] 1 -2
# [2,] 2 1

4.4

RUHARRHHH

# 4.4 #
BARBRBHAY

A = matrix(c(0,-1,1,1,-1,1,-2,3,2,-1,0,0,1,-1,1,0) ,ncol = 4, byrow = "T"); A

#it [,11 [,2] [,3] [,4]
## [1,] 0o -1 1 1
## [2,] -1 1 -2 3
## [3,] 2 -1 0 0
## [4,] 1 -1 1 0

eigen(A)->ea; ea

## eigen() decomposition

## $values

## [1] 2+0.000000e+00i 1+0.000000e+00i -1+2.720552e-08i -1-2.720552e-081
##

## $vectors



##
##
##
##
##
##
##
##
##
##

[1,]
[2,]
(3,]
[4,]

(1,]
[2,]
(3,]
[4,]

[,1]
5.773503e-01+01
2.319703e-16+01
5.773503e-01+01
5.773503e-01+01

-3.042967e-16+1
-7.071068e-01+0
-7.071068e-01-1

8.012345e-16-8

zapsmall (ea$values)

## [1]

[,2] [,3]
0.5+01i -3.042967e-16-1.923721e-081
0.5+01i -7.071068e-01+0.000000e+001
0.5+0i -7.071068e-01+1.923721e-081
0.5+0i 8.012345e-16+8.740850e-241

[,4]
.923721e-081
.000000e+001
.923721e-081
.740850e-241

2+0i 1+0i -1+0i -1+0i

lambda=Re(ea$values); zapsmall(lambda)

## [1]

2 1-1-1

vecs=Re (ea$vectors); zapsmall(vecs)

##
##
##
##
##

[1,]
[2,]
(3,]
[4,]

[,11 [,2]
0.5773503 0.5

[,3] [,4]
0.0000000 0.0000000

0.0000000 0.5 -0.7071068 -0.7071068
0.5773503 0.5 -0.7071068 -0.7071068

0.5773503 0.5

0.0000000 0.0000000

vecs=vecs %*J, diag(c(sqrt(3),2,-sqrt(2),-sqrt(2)))
round(vecs,digits=8)

#it [,11 [,2] [,3] [,4]
## [1,] 1 1 0 0
## [2,] 0 1 1 1
## [3,] 1 1 1 1
## [4,] 1 1 0 0
Vidimo da su karakteristicne vrednosti i karakteristi¢ni prostori koji im odgovaraju: A = 2, Fy =

span([1,0,1,1]7), A = 1, E; = span([1,1,1,1]7), A = —1 algebarski dvostruki, geometrijski jednostruki:
E_; =span([0,1,1,0]7).

4.5

107" 1ol . P .
0 1 =1g 1l = diag(1,1) invertibilna i dijagonalizabilna

1 0 1 0 . o _ . .. L
det( 0 0 ) =0, 0 ol = diag(1,0), nije invertibilna, jeste dijagonalizabilna
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117" -1 1-x 17, B o 1) [x]
[O J = [0 1 } det([ 0 1 )J) =0 = A =1 dvostruka nula. Za A\ = 1: [0 O] [Iz] =
8 & 13 = 0 $to daje jednodimenzionalni prostor E; = span([1,0]T). Jeste invertibilna, nije
dijagonalizabilna

0o 1], -2 1], B o 1] [ai] [0 B
det({o O]) O,det({ 0 ——A}) =0 = A = 0 dvostruka nula. Za A = 0: [O O} {m2} {O] S 29=0

$to daje jednodimenzionalni prostor Ey = span([1,0]T). Nije invertibilna, nije dijagonalizabilna



4.6

BEBHBBIHY
# 4.6 #
BEBHBBERY

# a
A = matrix(c(2,1,0,3,4,0,0,3,1), ncol = 3); A

#it [,11 [,2]1 [,3]
## [1,] 2 3 0
## [2,] 1 4 3
## [3,] 0 0 1

ev = eigen(A)
evivalues

## [1] 51 1

ev$vectors

## [,1] [,2] [,3]
## [1,] -0.7071068 -0.9486833 9.486833e-01
## [2,] -0.7071068 0.3162278 -3.162278e-01
## [3,] 0.0000000 0.0000000 9.362223e-17

zapsmall (ev§vectors)

#it [,1] [,2] [,3]
## [1,] -0.7071068 -0.9486833 0.9486833
## [2,] -0.7071068 0.3162278 -0.3162278
## [3,] 0.0000000 0.0000000 0.0000000

round (matrix(ev$vectors,ncol=3) %*}, diag(-c(sqrt(2),sqrt(10),-sqrt(10))),digits=8)

## [,11 [,21 [,3]
## [1,] 1 3 3
## [2,] 1 -1 -1
## [3,] 0 0 0

a. Matrica A nije dijagonazibilna. Sopstveni prostori koji odgovaraju karakteristicnim vrednostima
suw: Za A = 5: E5 = span([1,1,0]7) i Za A = 1 dvostruki algebarski: jednostruki geometrijski
E; = span([3,—1,0]T)
H#ABHAHAH
# 4.6 #
HHRBHAHAH

#0b

A = matrix(c(1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0), ncol = 4, byrow =T ); A

#it [,11 [,21 [,31 [,4]
## [1,] 1 1 0 0
## [2,] 0 0 0 0
## [3,] 0 0 0 0
## [4,] 0 0 0 0



ev=eigen(A)
round(ev$values, digits = 8)

## [1] 1 000

round (ev$vectors, digits = 8)

## [,1] (.21 [,3]1 [,4]
## [1,] 1 -0.7071068 0 0
## [2,] 0 0.7071068 0 0
## [3,] 0 0.0000000 1 0
## [4,] 0 0.0000000 0 1

evx = round(ev$vectors %*) diag(c(l,-sqrt(2),1,1)), digits = 8); evx

##t (.11 [,2] [,3] [,4]
## [1,] 1 1 0 0
## [2,] o -1 0 0
## [3,] 0 0 1 0
## [4,] 0 0 0 1

evxl = solve(evx); round(evxl, digits = 8 )

## (.11 [,2]1 [,3]1 [,4]
## [1,] 1 1 0 0
## [2,] 0o -1 0 0
## [3,] 0 0 1 0
## [4,] 0o 0 o0 1

evx %*) evxl

## [,11 [,2]1 [,3] [,4]
## [1,] 1 0 0 0
## [2,] 0 1 0 0
## [3,] 0 0 1 0
## [4,] 0 0 0 1

evxl %*), diag(c(1,0,0,0)) %*% evx

#i#t [,11 [,2]1 [,31 [,4]
## [1,] 1 1 0 0
## [2,] 0 0 0 0
## [3,] 0 0 0 0
## [4,] 0 0 0 0

b. Matrica A je dijagonazibilna. Sopstveni prostori koji odgovaraju karakteristicnim vrednostima su:
Za A\ = 1: E5 = span([1,0,0,0]7) i Za A\ = 0 trostruki algebarski i trostruki geometrijski: FEy =
span([1,—1,0,0]7,[0,0,1,0]7,[0,0,0,1]T)

4.7

R##AR LRI
# 4.7 #
BURRRRHHHE
# a

A = matrix(c(0,-8,1,4), ncol = 2); A



#i# [,11 [,2]
## [1,] 0 1
## [2,] -8 4

ev=eigen(4);
round(ev$values, digits = 8)

## [1] 2+21i 2-2i

a. Matrica A nije dijagolizabilna (nad R) jer nema korene nad skupom R.

BERBRHBHS
# 4.7 #
BERBHARHS

#Db
A = matrix(c(1,1,1,1,1,1,1,1,1), ncol = 3); A

#it [,11 [,2] [,3]
## [1,] 1 1 1
## [2,] 1 1 1
## [3,] 1 1 1

ev=eigen(A)
round(ev$values, digits = 8)

## [1] 300

round(ev$vectors, digits = 8)

## [,1] [,2] [,3]
## [1,] -0.5773503 0.8164966 0.0000000
## [2,] -0.5773503 -0.4082483 -0.7071068
## [3,] -0.5773503 -0.4082483 0.7071068

p=round(ev$vectors %*), diag(c(-sqrt(3),sqrt(6),sqrt(2))), digits = 8); p

## [,11 [,21 [,3]
## [1,] 1 2 0
## [2,] 1 -1 -1
## [3,] 1 -1 1

pl=solve(p); p1l

## [,1] [,2] [,3]
## [1,] 0.3333333 0.3333333 0.3333333
## [2,] 0.3333333 -0.1666667 -0.1666667
## [3,] 0.0000000 -0.5000000 0.5000000

zapsmall (6*pl)

#it [,11 [,2] [,3]
## [1,] 2 2 2
## [2,] 2 -1 -
## [3,] 0o -3 3

p %*% diag(c(3,0,0))%*% pl

## [,11 [,2]1 [,3]



## [1,] 1 1 1
## [2,] 1 1 1
## [3,] 1 1 1

1 11 1 2 0 3 00 2 2 2
b. Matrica A je dijagolizabilna: [1 1 1 = (1 -1 -1 |0 0 O % 2 -1 -—1{, gde je
1 11 1 -1 1 0 00 0 -3 3
2 2 2 1 2 o]"
%2—1—1:1—1—1
0 -3 3 1 -1 1
HHARBHAHHH
# 4.7 #
HHABHAHAH

# c
A = matrix(c(5,0,-1,1,4,1,-1,1,2,-1,3,-1,1,-1,0,2), ncol = 4); A

#it [,11 [,2]1 [,3] [,4]
## [1,] 5 4 2 1
## [2,] 0 1 -1 -1
## [3,] -1 -1 3 0
## [4,] 1 1 -1 2

ev = eigen(A)
ev$values

## [1] 4421

evivectors

#i# [,1] [,2] [,3] [.4]
## [1,] -0.5773503 0.5773503 -5.773503e-01 -7.071068e-01
## [2,] 0.0000000 0.0000000 5.773503e-01 7.071068e-01
## [3,] 0.5773503 -0.5773503 4.079220e-16 1.480385e-16
## [4,] -0.5773503 0.5773503 -5.773503e-01 4.261214e-16

zapsmall (ev§vectors)

## [,1] [,2] [,3] [,4]
## [1,] -0.5773503 0.5773503 -0.5773503 -0.7071068
## [2,] 0.0000000 0.0000000 0.5773503 0.7071068
## [3,] 0.5773503 -0.5773503 0.0000000 0.0000000
## [4,] -0.5773503 0.5773503 -0.5773503 0.0000000

round (matrix(ev$vectors,ncol=4) %xJ diag(c(-sqrt(3),sqrt(3),-sqrt(3),-sqrt(2))),digits=8)

## (.11 [,2]1 [,3] [,4]
## [1,] 1 1 1 1
## [2,] o o0 -1 -1
# [3,] -1 -1 0 0
## [4,] 1 1 1 0

c. Matrica A nije dijagonazibilna. Sopstveni prostori koji odgovaraju karakteristicnim vrednostima
su: Za A = 4 dvostruki algebarski: jednostruki geometrijski Ey = span([1,0,—1,1]T), za A = 2:
Ey =span([1,1,-1,0,1]7) i za A = 1: E; = span([1,—1,0,0]7).



RUHHARRHHH

# 4.7

#

HUHBRBHHH

# d

A = matrix(c(5,-1,3,-6,4,-6,-6,2,-4), ncol

##

## [1,]
# [2,]
## [3,]

[,11 [,21 [,3]
5 -6 -6
-1 4 2
3 -6 -4

ev=eigen(A)
round (ev$values, digits = 8)

## [1]1 221

round(ev$vectors, digits = 8)

##

[,1]

## [1,] -0.6854346

## [2,]

0.3141575

## [3,] -0.6568748

p=round(ev$vectors,

##

[,1]

## [1,] -0.6854346

## [2,]

0.3141575

[,2]
-0.9414664
-0.1976432
-0.2730900

digits =
[,2]

-0.9414664
-0.1976432

[,3]
-0.6882472
0.2294157
-0.6882472

8); p

[,3]
-0.6882472
0.2294157

## [3,] -0.6568748 -0.2730900 -0.6882472

pl=solve(p); p1l

##

[,1]

[,2]

## [1,] -4.016414 9.2993609
## [2,] -1.324541 -0.3973624

## [3,]

round(p %*% diag(c(2,2,1))%*% pl,digits=8)

##
## [1,]
## [2,]
## [3,]

[,3]
7.116201
1.192087

4.358899 -8.7177980 -8.717798

[,11 [,2]1 [,3]
5 -6 -6
-1 4 2
3 -6 -4

d. Matrica A je dijagolizabilna.

4.8

HUHHARRHHH

# 4.8

#

RUHHARRHHH

A = matrix(c(3,2,2,3,2,-2), ncol = 3); A

##
# [1,]

[,11 [,21 [,3]

3 2

2

3); A



## [2,] 2 3

svda = svd(A, nu=2

## $d

## [1] 5 3

##

## $u

## [,1]
## [1,] -0.7071068
#t [2,] -0.7071068
#it

## $v

## L
## [1,] -7.071068e
## [2,] -7.071068e
## [3,] 1.604701e

U = svda$u

S = 0*A

for(k in 1:min(dim
V = svda$v

U%*% 8 %h*% (V)

#it [,11 [,2]
# [1,] 3 2
# [2,] 2 3

zapsmall (V)

#it [,1]
## [1,]1 -0.7071068
## [2,] -0.7071068
## [3,1 0.0000000

2 3 —2] |-

32 2| |2
2

4.10

HUHBRBHHH

# 4.10 #

HUHHARRHHH

UL,1] %% t(V[,11)

#it [,1]1 [,2]
## [1,] 0.5 0.5
## [2,] 0.5 0.5

zapsmall(5 * U[,1]
##t [,1]1 [,2]

## [1,] 2.5 2.5
## [2,] 2.5 2.5

-2

, nv = 3); svda

[,2]
-0.7071068
0.7071068

,11] [,2] [,3]
-01 -0.2357023 -0.6666667
-01 0.2357023 0.6666667
-16 -0.9428090 0.3333333

(8))) {slk,k] = svda$d[k]l}

[,3]
2
-2

[,2] [,3]
-0.2357023 -0.6666667
0.2357023 0.6666667
-0.9428090 0.3333333

s V2 V2
2
2|0 0 |"% 4
V2 0 3 0 2 6

2 0 2g§

[,3]
-1.134695e-16
-1.134695e-16

% t(VIL,11))
[,3]

0
0

|
wivo

W= Wit



[\S][e) 13
[\S][e) 138

2); A

[,2]

2
A |
A =wvy =5 _é %
2 0
4.9
HAHARRRHH
# 4.9 #
HUBRRAHHH
A = matrix(c(2,-1,2,1), ncol
# [,11 [,2]
## [1,] 2 2
## [2,] -1 1
svda = svd(A, nu=2, nv = 2); svda
## $d
## [1] 2.828427 1.414214
#it
## $u
#i [,1]
## [1,] -1.000000e+00 1.110223e-16
## [2,] 1.110223e-16 1.000000e+00
##
## $v
#i [,1] [,2]
## [1,] -0.7071068 -0.7071068
## [2,] -0.7071068 0.7071068
U = svda$u
S = 0*A
for(k in 1
V = svda$v
U%*% S %*%h t(V)
## [,11 [,2]
## [1,] 2 2
## [2,] -1 1
zapsmall (U)
## [,11 [,2]
## [1,] -1 0
## [2,] 0 1
2 2] _[-1 0][2v2 0O
—1 1| [0 1[0 V2

SN

0
0

|

|

25 25 0
25 25 0

:min(dim(A))) {S[k,k] = svda$d[k]}
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